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On the Equivalence of Logical Databases

GABRIEL NM. KUPERt JEFFREY D. ULLMANt MOSHS Y. VARDIt

Stanford University Stanford University IBM Research Laboratory

Stanford, California. Stanford, California. San Jose, California

Abstract unique database update corresponding to the view

We suggest a new approach to database up- update. Another problem with nudating data-

dates,. in which it database is treatedl ts a collection bases is thc problem of iuJ)(Iating a (latabuLse which

of theories. We investig-ate two issues: a) equiva- must satisfy certain integrity constraints ([NY],

lence of databases under ulpdate operations, b) si [TI). The problem here is that the database after

nmultaneous multiple upd)(ate operations. the update may no longer satisfy the constraints,
in which case we may have to modify other things

in 1he database, to ensure that the integrity con-

IIntroduction straints still hold. As in the case of view updiates,
there is not necessarily a unique way to modify the

One of the min problems in databa-se the- dattaba"e so that the constraints still hold.
ory is the problem of view up)dating, i.e., how to I s;tw n[UIta vni h b
translate an update on a user view into an update seliee of constraints, the semantics of uipdates on

of te dtabse ~DSJ, [A],1DB, Ii, [e] [11],the database itself is still mnt compldetely clear.
[01). The problem is that in general there is no

________________________________________They suggest, as in ([Ko]. [1?1), Ilmat the appro-

t Work supported by AFOSR grant 80- 0212 priatv framework for st tidying the semantics of
SThis work was (lone wilc thjis author was at Stanford udtsi otettemaa~s sacnitn

University andi supported by a Weizmann Fellowship and set of sentences; in first-order logic,. i.e., a theory.

AFOSR grant 80-0212. ..- Every mzodel of the theory is a possible state of
For" tewrdThdaabase is then msumed to be a

model of these sentences. Uiiike first-order the-
TAR

- ~ ia oiccedhowever, the fatcts that are in the set have
01(0 ~ .~1rict~oa greater significance thtan those that are just im-

---- plied by thema. and whiena updating tiec database
we try to keep them as long as possible. When
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deleting a fact, we try to delete as little is several results about batch operations, i.e., in-

ble, in order to get a theory that does not imply serting or deleting several sentences at the same
time.

the deleted fact. Similarly, when inserting a new

fact, we try to delete as few facts &s possible, so

that we can then insert the new fact without cre-

ating an inconsistent theory. 2 Updates of Theories.

One problem with this is that there may be We are going to talk about theories consisting

several possible different results to an update with of first-order sentences, that we assume itare neither

no reasonable way to choose between them. One inconsistent nor vdid. We shall use the letters S

approach to this is suggested in [FUV]. In this ap- and T to denote theories (i.e., consistent sets of

proach, the result of the update is defined to be the sentences).
disjunction of all the possible theories. Two diffi- Semantics of updates are defined in [FUVJ as

culties with this approach are that it requires us follows.

to have sentences of a rather complicated syntax,

e.g., disjunctions of tuples in a relational database, Definition 1. (a) A theory T accomplishes the

and that the number of sentences in the database deletion of a from S if T K o. (b) A theory T

may grow exponentially with each update. In this accomplishes the insertion of oa into S if a E T.

paper we suggest another approach that consists

of defining the result of an update to be a flock, Definition 2. If TI, T2 , and T are theories, we

which is a collection of theories. We then assume say that T, has fewer insertions than 772 with re-

that 'al we know at each stage abmut the database spect to T if T, - T C T 2 - T; T, has fewer dee-

is that it is ai model of at least one of these the- tions than T 2 with respect to T iff T - T C T -T2;

ories. With this approach, the sentences we get and T, has fewer changes than T2 with respcrt to

are of no greater complexity than those that were T iff T has fewer deletions than T 2 , or T, and T2

in the database or those that were inserted, and have the same deletions (T-T = T - T 2 ) and Tt

the number of sentences does not grow as fast as has fewer insertions than T'2.

before. It turns out that the two approaches yield

different results for the same updates. Definition 3. A theory T accomplishes an np-

In this paper, after presenting the flock ap- date u of S minimally if T accomplishes u and

proach to updates, we investigate the question there is no theory T' that accomplishes u and has

when are two flocks equivalent. Since in our ap- fewer changes than T with respect to S.

, proach there is a difference between a fact being in It is shown in [FITV] that T accomplishes the
4 the database and being implied by it, two flocks deletion of a from S mininaly it T is a maxi-

that are logically equivalent may not be equiva- mal subset of S that is consistent with -&, and
lent under all updates. That is, they may have that T U (a} accomplishes the insertion of a, into

* the same models, but there may be updates that S minimally iff 7' is a maximal subset of S that

when applied to both flocks yield nonequivalent is consistent with o. Nevertheless, there could be

flocks. In this paper, we give necessary and suffi- many theories that accomplish an update mini-

cient conditions for equivalence forever and give mally. Suppose that T 1 , ... , 2', are the theories
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that accoipjlish41 an updahte it of S nminimally. It is U Of S Minimally if T, accomplishes the update of

argued in [FIVI that the rvsult of u should be a Si minimally,~ for I < i < n.

theory T such that Again, there could be uiawy flocks that ac.

Mod(T) U Mod(Ti), coiplisli i~ upat minimtally. Suppose that T1,
1-in ... T. are the flocks that accomiiish aul update

where Alod(S) is the set of iiaodels of the theory U Of S Iiainiiiaally. As ini [FIJ[. we conitend that

S. the result of u should he a flock T such that

Definition 4. Let T1. ... , 2', be theories. The Mod(T) =U Mfod(Tj).
Li ~ f

disjunction of these theories is defined to be the

theory It is e'asy to shaow that the flock U,,j<,, Tj has this

V Tj= (, V...V T, I i ETiI <i <n).property. This motivates the following definition:

l< in Definition 7. Let S be a flock, and let S1,

It is shown in [FUVI that ... I S. be the flocks that accomnplish an update u

Mod V j o(j.Of S Minimally. Then the result of u is the flock

Thus thely suggest that if TI, .. , T,, are the theo- Lemma 1. Let S ( S,,.. ., &} be a flock. For
ries that accompih an uipdate u minimally, thena each theory S,, let S' 5i' be the theories that
the result of it should he V,., j<. Ti. accomplish the update u of Si minimally. Then

the result of applying u to S is the flock

3 Flocks. S,'={S [II < i<n, I <k <ji}.

In this paper. we shall talk abouit another In other words, to update a flock, consider

approach to updates. namely using collections of each theory in the flock in turn. Take all the-
theories. We call these; collections flocks. The in- oe htaciilsiteudt iial n

tuitive idea is that since we have inaiy possible put themn into the new flock.

theoiestha acompishinkiiiclae mnimlly weNote that if at flock is a singleton, i.e., contains
reflect this ambiguity by keeping all these theories.c'ath eteoyismdesaaterynda

Definition 5. A flock S is a aet of theories. The a flock aire the samie. Also, tile flock we get after

models of S are applying ani update to such a flock has thc same

Mo~) U Mo()-models as the theory we get by applying the samne

Md S) Md() update under the F(TV-approach. However their

behavior uuider future updates inay differ, as the

To update a flock we have to update each the'- following example shows.
ory iii the flock. Formally:

Example 1. If we start with the flock
Definition 8. Let S S,{S .') be a flock. {A. B)). and delete AADB fromn it using the flocks
A flock T = T,,.. ., 2'.) accomplishes an update approach, we take all the nmaximal suhthkeories of



that contai only onc theory, equivalcnce forever

{(A, B) that do riot iniply A A B, uaamely (A) and can be characterized by the property of covering.

(B}. That is, the resulting flock is ((A), {1)) Definition 8. We say tIhat a theory S covers
If we were thenr to delete A, andl finally delete B, a theory T, iff every sentence r in T is logically
we would end( up) with the flock containing only equivalent to a eonjunction al A .. A On of sen-
tIre, etlipty theory. i.e., anything is a tuodel of the tences in S.
result. On the other hand, if we were to start with

the theory {A, B}. and delete A A U using the ap- Theorem 1. Let S ={S) anid T = {TI

proaclr of [FUJVI, we wouldl get tire- theory (AVD}). be singleton flocks. Then S and T are equivalent

Trids has the maine niodels at the flock {(A}I, (DlI}}. forever if and only if S covers I' and T covers S.

However if we now delete A arid then dlelete B, we Proof: (a) Sufficiencey. Assuine that S covers T.

woul en upwith(A BI whch des ot aveWe show by induction on the nurinber of inser-
the saine miodels ats tire emipty theory. Ition/deletion steps that wc always have

(VS' E S')(3T' E Tt)(S' covers T'A T' covers S)

4 Equivalence Forever. (1)
where S' and T' are the flocks we get front S and

We have defined the miodels of a flock to be T by doing soine insertions and deletions. By our

thre union of the( niodels of all the theories in the assuiption. (1) holds at the beginning, when both

flock. Therefore, two singleton flocks are logically flocks are singletons.

equivalent if they have the sinlie niiodels. However, Assiue that (1) holds after soine insertions
this dloes nut gutarantee that they will continue to and deletions4. We have to show that (1) continues
have the satine iodeLs after any sequience of inser- to hold after deleting it sentence a. Tire argumient
tions and dleletiorns. as the next examiple shows. for insertion is similar. We shall use S' and T'

Example 2. The two flocks for the flocks before the deletion, S 2 and T' for
the flocks afterwards.

{{A,}} et ~ beanytheory in the flock ~2We first

* 4and show that there is sontie theory in T 2 that covers

*{(A, B, AV }} S2 .

are logically equivalent. However, if we delete first By the definition of dlelet ion, S2 mut b

A and their B fromt them (using thre flocks rule) we naxiriral subset of sontie theory .51 in thre flock S1

.4get the nonequnivalent flocks (0) and (0, (AV D}}. that does riot iniply (T. By the iniductive hypotlre-
.4

We say that two flocks are equivalent forever $is, there is at theory T' in thre flock T' such that

if after applying any sequence (if updates we al- S 1 covers T I and' T' covers St. Let (7i he any sen-

ways get two flocks that have thre saine irodelsA. tence irr thre theory '52. Since '51 is a . st fS

We would like to know whren two flocks are equiv- and T' covers Sr. thenre are sentences Tit,. ... ),im

alent forever. We (10 riot have, at present, a suni- in T' such that ai = ij, A ... A rim,.

ple necessary anrd sufficient condition for general Let A be the set of all these rjj's, for all ai's

flocks. However, for singleton flocks, i.e., flocks in S2. We lamnt that A does not inwply o,, tire sen-

/
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tence we deleted. Assumie otherwise, i.e., A a. not implied by r. Let R be be the set of maximal

Since each ai in S' iniplie-s all the corresponding (lisjunfctiozis of sentences in D, i.e., thle set R of

r1j's in A, we have 5' = A, and therefore have a~ll iisjtitictioiis of sejiteiices in D sutch that if we

S' [- a, a contradiction. Therefore A does not add any other sentencre in D to the disjunction,

impilly a and can be extenided to a miaximnal subset the resuilt is imied by r. Foirmally, R consists of

of V' with this p~roperty. Call thle riiaxizuial sub- senltenices of the formn

set T2. Since A covers S2 , T' also covers S 2 . We v..vU,
shall now show that S2 covers T 2 , thus completing

the proof. where each ai is in D,

Let r be any sentence in T 2 . We have to show r Kal V .. V ak,

that it is logically eq~uivalenit to a coiiumction of md if a is any senitence inl D (list inct from all the

sentences ill S2. Since S' covers T' and V2 is a ai's, then

subset of V, there are a1 ,. .. ,ak in S' such that HaV..VakV-

r_=a, A...A ak. (2)
We show that if we delete the sentences in R

Since T 2 covers S", T 2 
[_ S2. We also kiiow, fromt tire flock S = (S}1, one by one, in any order,

fromn (2), that T 2  = r =aj, for each ai. If sonie the resulting flock S' will he equal to {S - D},
a1 was not in S

2
, the fact that S2 is at majXimal and similarly deleting R from T = {T} will result

subst o S1 notimplinga wuldental tat ~ijin (T - DI. We will prove this for S. Since the

{a, } iniplie-s a. But thent T2  a, a contradiction, proof will not make use of the fact that T is not

Thisshos tat ach ~ i in~2,and herfor ~2covered b~y S, the proof will also work for T.
covers T 2 .

Since nio sentence in D is impjliedl by r, every
Now let A be at miodel of sonzic theory S' in a in D can be extendled to a mnaxinmal disjunction

the flock S'. By (1), thevre is some theory T' in a V0 2 V ... Va7k that is in tile spt R. After deleting
the flock T', such that S' covers Vi. This implies this disj tnc tion, we get a flock of theories, nione of

that )M is also a model of V', and therefore M hc a oti n ftesnecsa 2

is a miodel of some theory in the flock T'. By ak. Therefore, after deletinig all of thme sentences

aiiaogors rguent e cn sow hatiii R front S, we get at flock S' of theories, each of

(VT' E 7")(3S' E S')(S' covers TVA T' covers 5'), which muitst be a subset of S - D.

where S' and T' are the( flocks we get from S and We now show by induction n the nuniber of

T by doing some insertions and deletions. Con- deletions, that thle result is at singleton flock, con-

sequently, every model of T' is also a model of sisting of one( theory that is a suiperset of S - D.

St. The basis for the indluction is the initial flock S.
We sh]ow by induhct iot, that if we have at flock con-

(b) Necessity. Assume that S does not. cover T. itmgooethryhaisasmretfS-D

Theni there is a senitenice r in T that is not hogi- and a subset of S. mnd we delete a sentence in thle
cally equivalent to a conjunction of any collectionse ?fo itwegtainlonlckasoo-

of senteuices of S. sisting of oike theory that is a superset of S - D

Let D be the aet of sentences in S U T that are and a subset of S.



= .. ... .. . . . . . . . . . . . . . _ .. . ... ... .... .... . . . . . .. .

Suppose that we have such a flock consisting The converse to the Corollary does not hold,

of the theory S' and we delete front it a sentence as the following example shows.

0 V ...V k from R. Let D - (a1, .. ,ak) =

{ai ,..., ,O,}. Since erV-.. Vak is maximal, r im- Example 4. The two flocks

pliesatV ... VakVai for 1 < i < m. If we assuIe {{A,1,A = B},{A,A B},{3,A = 1}}

that {r, a t .... , ci,,, } implies ot V .. V ak, then it

follows that T imlies Cl V... V a - contradiction. and

Consequcntly, 5'- DU {Q, .... ,,,,.} does not ira- {{A, A -D}, {1,A = B}}
Ply O1 V *- V 17k. That is the result of dvleting are equivalent forever, but do not satisfy the cov-

aV ... *V& front (S'} is IS' - , This ering condition of the Corollary.

completes the induction and shows that T' is a sin-

gleton, consisting of one theory that is a superset

of S - D.

By the definition of D, we have r P S - D,5 Batch Operations.

and therefore r implies the conjunction of all the Batch operations consist of deleting or insert-

sentences in .S - D. Since r is not a conjiiction ing several sentences at the same time.

of any collection of sentences in S, S - D Ik r.

Therefore. there twist be a mnodel M of S - D that Definition 9. Let S be a theory, and E a set of

is not a model of r. Then Nt is a miodel of S'. sentence.. We say that S' accomplishes the dele-

However, since r in in T - D, . is not a model of tion of E from S if, for each a e E, S' K a. We

T'. and the flocks are not forever equivalent. I say that S' accomplishes the insertion of E into S

Fromt the proof of tis theorem, we ininiedi- iff E C S'. We say that S' accompli.hes an update
u of S minienallyt if S' accomplishes u and there is

ately get a sufficient condition for equivalence for-
ever of arbitrary flocks. no theory that accomplishes u with fewer changes.

The above detinition is non-constrctive in
Corollary.Let S and T be two flocks that satisfy the sense that it does not give us any clue as
the conditions to how to find those theories that accomplish an

(VS c S )( -IT G T)(S covers T A T covers S) update inimiially. The following theoren gives a

and constructive equivalent condition, which general-
izes a result of fFUVi.

(VT E T)(3S E S)(T covers S A S covers T)

Theorem 2. Let S and T be theories, and E aA Then S and T are equivalent forever. j
set of sentences. Then

Example 3. The flocks {{A, B, A A D}} and (1) S accompli.hPcs the deletion of Z from T min-

{{A. D}} are equivalent forever. The flocks imally if rind only if S is a maximal subiet of

({A,B.A V B}} and {{A,B}} are not equiva- T that is consistent with -,a for all a in E.

lent forever. If we delete A and then B, we get (2) S U E accomplishes the insertion of E into T
((A V B}} from the first flock and {() front the minimally if and only ifS is a maximal subset
second one. of T that is consistent with E. |

I /
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For b~atch insertions wc have the following
Definitions 6 and 7 now deflne batch opera- theorem.

tions for flocks. Nainely, to update at flock, con-

sitter each theory in the flock in turn. Take all Theorem 4. Let S be' a flock, and let E

theories that accomiplish the update this theory {o0, .... ,o j a consistent set of sentences. Then

iiiiially mid put them into the new flock, the result of inserting E~ into S is the same as first

The following example shows that show that deleting -.(O1 A .. A a),and then inserting the

the batch dleletion of E does not give thec same ai 's, one byone into the result. I

result as dleleting the sentences in E one by one. Proof: This follows immediately fromt the fact

Example 5. Let S be the singleton flock that, for any theory S, S is consistent with E iff

((A, ~S K- (ey A .. ac,,), and from the fact that, once
{ {, fA }},we have deleted -(al A -- A a.), insertion of eacti

and let S be the set f{A, B}. The result of deleting ai consists of simnply adding the a, to eachi thcory

E from S is the flock ((A _=BI). However the in the flock, without dleleting anything else.*

resuilt of deleting first A and then B) (or first B

and then A) is the flock {{(A =_B}, }.
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